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Abstract. Let 1 < n < d be integers and let p denote the n-dimensional Hausdorff 
measure restricted to an n-dimensional Lipschitz graph in R d with slope strictly less than 
1. For p > 2, we prove that the p- variation and oscillation for Calderon-Zygmund singular 
integrals with odd kernel are bounded operators in L p (p) for 1 < p < oo, from ^(p) to 
Z/ 1,00 (p), and from L°°(p) to BMO(p). Concerning the first endpoint estimate, we actually 
show that such operators are bounded from the space of finite complex Radon measures in 
R d to L 1,00 (m)- 



1. Introduction 

The /9-variation and oscillation for martingales and some families of operators have been 
studied in many recent papers on probability, ergodic theory, and harmonic analysis (see |Lp| , 
[Bo] . [JKRWj . [C.TKWlj, [JSW] , [LT], and [OSTTWj . for example). In this paper we continue 
the study developed in [MT1] and |MT2| about the p-variation and oscillation for Calderon- 
Zygmund singular integral operators with odd kernel defined on measures different form the 
Lebesgue measure. More precisely, we are concerned with variational LP (1 < p < oo) and 
endpoint estimates for such singular integral operators defined on Lipschitz graphs and with 
respect to the Hausdorff measure. 

Throughout the paper 1 < n < d denote two fixed integers. By an n-dimensional Lipschitz 
graph r C M rf we mean any translation and rotation of a set of the type 

{x£R d : x = (y,A(y)),y£R n }, 

where A : W 1 — > M. d ~ n is some Lipschitz function with Lipschitz constant Lip(„4). We say 
that Lip (.4) is the slope of T. 

Given 1 < n < d integers, e > 0, and a Radon measure /i in we consider 

(1) T ef x(x) := / K(x - y) dfi(y), for x G R d , 

J\x-y\>e 

where the kernel K : M. d \ {0} — > C satisfies 

(2) \K(x)\<£-, \d Xi K(x)\<7nLr and \d Xi d Xj K(x)\< ( 



X\' L " ' '' | ^ | rr+ 1 1 Xi x j \ J\ — |j,|n+2 ' 

for all 1 < i,j < d and x = (x\, . . . ,Xd) £ M. d \ {0}, C > is some constant, and moreover 
K{— x) = —K(x) for all x / (i.e. K is odd). We set T/u := {T e u} e> o, and given / € L x (u), 
we also set Iff := T e (ffx), Iff(x) := sup e>0 \If f(x)\, and T»f := {Ttf} e >o- The well- 
known Cauchy and n-dimensional Riesz transforms are two very important examples of 
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such C alder on- Zygmund singular integral operators, and they correspond to the kernels 
K(x) = 1/x for x G C\{0} and K(x) = x/\x\ n+l for x G R d \{0} respectively (to be precise, 
we should consider the scalar components Xi/\x\ n+l ). 

Definition 1.1 (/5-variation and oscillation). Let T := {F e } e> Q be a family of functions 
defined on R d . Given p > 0, the ^-variation of T at x G R rf is defined by 

V p (T)(x) := sup ( \F em+1 (x) - F e Jx)\P 

where the pointwise supremum is taken over all decreasing sequences {e m } mG z C (0,oo). Fix 
a decreasing sequence {r m } mg ^ C (0, oo). The oscillation of T at x G R rf is defined by 

0{F){x) := sup ( \ F 'mW ~ F 5m (x)\ 2 ) ' , 

where the pointwise supremum is taken over all sequences {e m } mg z and {5 m } me z such that 
r m +i < e m < o~m < r m for all m G Z. 

Given a Radon measure p in R rf , / G L 1 (p), and x G R rf , we will deal with 
(V p o 7>(x) := Vp(T^)(x), and (V p o T")/(x) := V p (Vf)(x), 
[O o T)m(x) := £>{Tn)(x), and (O o 7^)/(x) := 0{T»f){x). 

For a Borel set E C R rf , we denote by TL 1 ^ the n-dimensional Hausdorff measure resticted to 
E. The following result is a direct consequence of |MT2[ Theorem 1.3]. 

Theorem 1.2. Xei p > 2. Let T C R d 6e an n-dimensional Lipschitz graph and set p := TL^- 
Then, V p oT^ and Oo7" M are bounded operators in L 2 (p). The norms of these operators are 
bounded by some constants depending only on n, d, K , and the slope ofT( and on p in the 
case ofVpoT^). In particular, the norm ofOoT^ is bounded independently of the sequence 
that defines O. 

Actually, from [MT2, Theorem 1.3] one has that Theorem 11.21 holds whenever p is an 
n-dimensional AD regular uniformly n-rectifiable measure in R rf (see |DS1 Part I] for the 
precise definitions of AD regularity and uniform rectifiability) . Let us just mention that this 
latter assumptions on p are some geometry- measure theoretic properties of homogeneity and 
of quantitative rectifiability which are trivially satisfied by Lipschitz graphs. Furthermore, 
in [MT1| it is also proved that, if p = TL^ for some n-dimensional Lipschitz graph r C R rf , 
(f G C°°(R) is some fixed function such that X\2,oo) < V 9 ^ X[i/2,oo)> 

(3) T&/(s) := J tp{\x - y\/e)K(x - y)f(y) dp(y) for x£i d and / G L\p), 

and T$ := {T$ e } e> o, then the operators V p o Tip and O o Tip are bounded 
(a) in L p {p) for all 1 < p < oo, 
(6) from L l (p) to L 1 '°°(p), and 

(c) from L°°(p) to BMO(p) (see Section 0] for the precise definition of BMO(p)). 
Usually, we refer to as the family of rough truncations of the singular integral operator 
with kernel K and with respect to p, and we refer to Tip as the family of smooth truncations 
of the same operator. 

The following theorem is one of the main results of this paper. Roughly speaking, under an 
extra assumption on the slope of the Lipschitz graph, it improves Theorem 11.21 and extends 
the estimates (a), (b), and (c) above to rough truncations. 
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Theorem 1.3. Let p > 2. Let F C M. d be an n- dimensional Lipschitz graph with slope strictly 
less than 1 and set p := W^- Then, V p o T^ and O o T" M are bounded operators 

(a) in L p (p) for all 1 < p < oo, 

(b) from L 1 (p) to L 1,00 (/x), and 

(c) from L°°(p) to BMO{ji), 

The norms of these operators are bounded by some constants depending only on n, d, K , the 
slope ofT, on p in the case ofV p o T^ , and on p in the case of (a). In particular, the norm 
of O o T^ is bounded independently of the sequence that defines O. 

This theorem generalizes the results in [CJRW2] for the class of kernels given by ([2]) 
and, in this sense, it is a natural continuation of the study of variational inequalities for 
C alder on- Zygmund singular integral operators. 

As we pointed out above, Theorem 11,31 was already known for the family Tp, but the case 
of rough truncations requires much more work and detail on the estimates due to the lack of 
regularity on the truncations. Moreover, [MT2[ Theorem 1.3] (and so Theorem ll.2|) where 
obtained using the so-called corona decomposition (see |DS[ Chapter 3 of Part I]), which is a 
useful tool to deal with L? estimates. However, it is very difficult to adapt that techniques 
to deal with LP estimates for p ^ 2. Thus, Theorem 1 1 . 3 1 does not follow from the variational 
LP estimates for Tp, nor by a simple modification of the proof of Theorem II. 2\ it requires a 
more careful and deeper study. 

We denote by M(R ) the space of finite complex Radon measures on M. d equipped with 
the norm given by the variation of measures. The other main result of this paper is the 
following theorem, which strengthens the endpoint estimate (b) of Theorem 11.31 Moreover, 
in combination with the techniques used in |MT2j , we think that the following theorem could 
be useful to derive LP (1 < p < oo) and endpoint estimates for V p o 7~ M and O o T^ when p is 
any n-dimensional AD regular uniformly n-rectifiable measure in M. d , which would enhance 
[MT2l Theorems 1.3 and 2.3]. 

Theorem 1.4. Let p > 2. Let T C M. d be an n-dimensional Lipschitz graph with slope strictly 
less than 1 and set p := H^. Then, V p oT and O o T are bounded operators from M(M. d ) to 
L 1,00 (p), i.e., there exist constants C\,C2 > such that, for all A > and all v G M(M. d ), 

p{x G R d : (V p o T)u(x) > A} < ^ |M| and p{x £ R d : (Oo 7>(x) > A} < 

A A 

Moreover, the constants C\ and C% only depend on n, d, K, and the slope ofT (and on p in 

the case of C\). In particular, C% does not depend on the sequence that defines O. 

Remark 1.5. We think that the assumption on the smallness of the slope of the Lipschitz 
graph in Theorems 11.31 and 11.41 is just a technical obstruction due to the arguments we will 
employ in their proofs. As pointed out in the paragraph above Theorem 11.41 we expect that 
this assumption will be removed in the future. 

The following corollary is a direct consequence of Theorem 11.41 

Corollary 1.6. Let E be an 7-L n measurable n-rectifiable subset ofM. d with / H n (E) < oo, and 
let K be an odd kernel satisfying (0). If ' v £ M(M. d ), then the principal values lim^o T e v(x) 
exist for H n almost all x G E. 

Given an n-rectifiable set E C M. d with l~L n (E) < oo, as far as the author knows, the 
existence H^-a.e. of lim^x^o ^e^C^) f° r v £ M(M d ) was already known for odd kernels K G 
C°°(M d \{0}) satisfying 

(4) \V j K(x)\ <Cj\x\- n - j 
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for all j = 0, 1, 2, 3, . . . , or maybe assuming only for a finite but big number of j's (see [Ma\ 
Theorems 20.15 and 20.27, Remarks 20.16 and 20.19] and the references therein). However, 
the result is new if one only asks @ for j = 0, 1, 2, and so Corollary 11.61 improves on previous 
results. 

The plan of the paper is the following: In Section [2] we state some preliminary results 
concerning a C alder on- Zygmund decomposition of general measures and about the Hausdorff 
measure of a Lipschitz graph on annuli. The proof of Theorem 11.41 is given in Section [31 and 
in Section[3]we prove Theorem ll.3f c). Finally, in Section[5]we complete the proof of Theorem 
11.31 and we also prove Corollary 11.61 

Remark 1.7. We will only give the proof of Theorems 11.31 and 11.41 for V p , because the case 
of O follows by very similar arguments and computations. The details are left for the reader. 

As usual, in the paper the letter 'C stands for some constant which may change its value 
at different occurrences, and which quite often only depends on n and d. The notation 
A < B (A > B) means that there is some constant C such that A < CB (A > CB), with C 
as above. Also, A ~ B is equivalent to A < B < A. 

2. Preliminaries 

2.1. Calderon-Zygmund decomposition for general measures. Given a cube Q in M d , 
we denote by £(Q) the side length of Q. In this paper, the cubes are assumed to be closed 
and to have sides parallel to the coordinate axes. Given v 6 M(M d ), a > 1 and b > a n , we 
say that a cube Q is (a, 6)-|i/|-doubling if |^|(aQ) < b\v\{Q), where aQ is the cube concentric 
with Q with side length a£(Q). For definiteness, if a and b are not specified, by a doubling 
cube we mean a (2,2 d+1 )-|i/|-doubling cube. 

The following two lemmas are already known (see [To2| . [Tolj . or [To3| for example), but 
since they are essential in this paper, we give their proof for completeness. 

Lemma 2.1. Let b > a d . If v is a Radon measure in M d , then for u-a.e. x G M d there exists 
a sequence of (a, b)-\v\- doubling cubes {Qk}k centered at x with £(Qk) —^0 as k —> oo. 

Proof. Let Z C M. d be the set of points x such that there does not exist a sequence of (a, b)- 
|^|-doubling cubes {Qk}k>o centered at x with side length decreasing to 0; and let Zj C M. d 
be the set of points x such that there does not exist any (a, 6)-|i/|-doubling cube Q centered 
at x with £(Q) < 2~ J . Clearly, Z = \Jj >Q Zj. Thus, proving the lemma is equivalent to 
showing that v{Zj) = for every j > 0. 

Let Qo be a fixed cube with side length 2~ 3 and let k > 1 be some integer. For each 
z G QqPiZj, let Q z be a cube centered at z with side length a~ k £(Qo). Since the cubes a h Q z 
are not (a, b)- \v\ -doubling for h = 0, . . . , k — 1 and a k Q z C 2Qq, we have 

(5) u(Q z ) < b-^iaQz) < < b- k u{a k Q z ) < b- k u(2Q ). 

By Besicovitch's theorem, there exists a subfamily {z m } m C Qo H Zj such that Qo H Zj C 
Um Qz™ an d moreover Yl m XQ Zm ^ Pd- This is a finite family and the number of points 
z m can be easily bounded above as follows: if £ stands for the Lebesgue measure on E , 

N 

N(a- k e(Q )) d = £(Q*J < PdC(2Qo) = P d {2t{Q Q )) d . 

m=l 
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Thus, N < Pd2 d a kd . As a consequence, since {Q Zrn }i<m<N covers Qq n Zj, by ©, 
KQo n Zj) < "(Qz) < Nb- k u(2Q ) < P d 2 d a kd b- k u(2Q ). 

m=l 

Since b > a d , the right hand side tends to as k — > oo. Therefore v{Qq n Zj) = 0, and since 
the cube Qq is arbitrary, we are done. □ 

Lemma 2.2 (Calderon-Zygmund decomposition). Assume that \i := %p n £, where T is an 
n- dimensional Lipschitz graph and B C M d is some /zrred 6a//. -For every v G M(M ) toit/i 
compact support and every A > 2 o!+1 ||^||/||/u||, we have: 

(a) There exists a finite or countable collection of almost disjoint cubes {Qj}j (that is, 
J2j XQj < C) and a function f G L 1 ( / u) suc/i i/iai 

(6) \u\(Q J )>2- d - 1 X f x(2Q J ), 

(7) H(#)< 2- d ~ l X l i{2r ] Qj) for r, > 2, 

(8) v = f/j, inM. d \Q with \ f\ < X fj,-a.e, where f2 = IL-Qr 

(6) For each j, let Rj := 6Qj and denote Wj := XQj{Y2kXQ k ) ■ Then, there exists a 
family of functions {bj}j with suppo^ C Rj and with constant sign satisfying 

(9) J bj dfi = J Wj du, 

(10) \\bj\\ Lao ^n(Rj) < C\v\(Qj), and 

(11) Y2j I bj | < Co A (where Cq is some absolute constant). 

Proof of Lemma 12.2( a). Let H be the set of those points from supp// U suppi^ such that 
there exists some cube Q centered at x satisfying H(Q) > 2~ d ~ 1 A / u(2Q). For each x G H, 
let Q x be a cube centered at x such that the preceding inequality holds for Q x but fails for 
the cubes Q centered at x with £{Q) > 2£{Q X ). Notice that the condition A > 2 d+1 
guaranties the existence of Q x . 

Since H is bounded (because \i and v are compactly supported), we can apply Besicovitch's 
covering theorem to get a finite or countable almost disjoint subfamily of cubes {Qj}j C 
{Qx}xgh which cover H and satisfy ([6]) and ([7]) by construction. 

To prove (jSJ), denote by Z be the set of points y £ suppz/ such there does not exist a 
sequence of (2, 2 d+1 )-|i/|-doubling cubes centered at y with side length tending to 0, so that 
\v\ (Z) = 0, by Lemma 12.11 By the definitions of H and Z, for every x G suppf \ (H U Z), 
there exists a sequence of (2, 2 d+1 )-| ^-doubling cubes P& centered at x, with £(P&) — > 0, such 
that M(Pfc) < 2- d - 1 Xn(2P k ), and thus M(2P fe ) < 2< m H(Pfc) < A/i(2P A ). This implies that 
Xr<*\(_h'uz) 1/ i s absolutely continuous with respect to /i and that Xir^//^ = Xr^\(huz) 1/ = //•* 
with |/| < A /i-a.e., by the Lebesgue-Radon-Nikodym theorem (see [Mai pages 36 to 39], for 
instance). □ 

Proof of Lemma 12.2T b). Assume first that the family of cubes {Qj}j is finite. Then we 
may suppose that this family of cubes is ordered in such a way that the sizes of the cubes 
Rj are non decreasing (i.e. £(Rj+i) > £{Rj)). The functions bj that we will construct will 
be of the form bj = Cj XAj, with Cj G K and Aj C Rj. We set A\ = Pi and b\ := c\ XRn 
where the constant c\ is chosen so that Jq^ wi dv = J b\ d/i. 

Suppose that b±, . . . , b^-i have been constructed, satisfy Q and Y^jZi \bj\ < Co A, where 
Cq is some constant which will be fixed below. Let R Sl , . . . , R Sm be the subfamily of 
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Ri, . . . , Rk-i such that R Si CiR^ 7^ 0- As i{R Si ) < £(Rk) (because of the non decreasing sizes 
of Rj), we have R Si C 3i?^. Taking into account that J \bj \ d/u, < \v\(Qj) for j = 1, . . . , k — 1 
by and using ([7D and that ^(QR^) < Cfi(Rk) (because ^R^ = 3Qk intersects supp^, by 
©), we get 

Y, [ 1^1 d » ^ H WKQh) < C\u\{m k ) < CX^(6R k ) < C 2 X^(R k ). 

i J i 

Therefore, fi{x G R k '■ Yli\^si( x )\ > 2C2A} < fi(Rk)/2. So, if we set 

A k :={xGR k : ZiK( x )\ < 2C 2 A} , 

then ^(A fc ) > fx(R k )/2. 

The constant is chosen so that for b^ = c^XA k we have J b k d\x = Jq^ dv. Then we 
obtain, by ((TJ), 

(this calculation also applies to = 1). Thus, \bk\ + Yli — (2C2 + C3) A. If we choose 
C = 2C 2 + C 3 , CEO follows. 

Now it is easy to check that (|10|) also holds. Indeed we have 



Wj dv 



<C\v\{Qj) 



Suppose now that the collection of cubes {Qj}j is not finite. For each fixed N we consider 
the family of cubes {Qj}i<j<N- Then, as above, we construct functions bf,...,b^ with 
supp(fr^) C Rj satisfying J b^ dfi = J Q ^Wjdv, Y^j=i\bf\ < Co A and \\b^\\ LO o^^(Rj) < 

C\v\{Qj). Notice that the sign of b^ equals the sign of J Wj dv and so it does not depend on 
N. 

Then there is a subsequence {b^}^^ which is convergent in the weak * topology of L°°(/x) 
to some function b\ G L°°(/i). Now we can consider a subsequence {b^keh with I2 C h 
which is also convergent in the weak * topology of to some function b 2 G L°°(/i). 

In general, for each j we consider a subsequence {bj}k^j j with Ij C Ij—\ that converges in 
the weak * topology of to some function bj G It is easily checked that the 

functions bj satisfy the required properties. □ 

2.2. HausdorfF measure of Lipschitz graphs on annuli. Given z£l <! and < a < b, 

let A(z, a, b) C M. d denote the closed annulus centered at z and with inner radius a and outer 
radius b. This subsection is devoted to the proof of the following lemma, which yields a key 
estimate to derive Theorems 11.31 and 11.41 

Lemma 2.3. Let V := {x G M d : x = (y,A(y)), y G K™} be the graph of a Lipschitz function 
A : W 1 — > M. d ~ n such that Lip(„4) < 1. Then, there exists C > depending on n, d, and 
Lip(^), such that H^(A(z, a, b)) < C(b - a)6 n ~ 1 for all z G T and all0<a<b. 

We need the following auxiliary result. 

Lemma 2.4. Let 1 < n < d. For x := {x\, . . . , Xd) G M. d we denote 

xh '■= {xi, . . . , x n , 0, . . . , 0) G M d and xy ■= (0, . . . , 0, . . . , x d ) G R d . 
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Given x,y E R d \ {0}, if there exists < s < 1 such that \xy\ < s\xh\, \yv\ < s l2/-ff|j and 
\xy — Vv\ — — i/ien t/iere exists C > depending only on s such that 

M |y| 

xh ~ i r VH 



(12) kv-wl<C, . 

\XH\ \yH\ 

Proof. We set $(x,y) := \ \x\\xh\~ 1 xh — \y\\yH\~ 1 yii\- Since <3? is symmetric in x and y, we 
can assume that \xjj\ < \yn\- If (•, •) denotes the scalar product in M. d , using the polarization 
identity, 

$(x,y) 2 = \x\ 2 + \y\ 2 - 2\x\\x H \- 1 \y\\y H \- 1 (x H ,y H ) 

= \x\ 2 + \y\ 2 + IxWxnl^lyWyHl' 1 {\xh - yn\ 2 - \xh\ 2 - \vh\ 2 ) 

= \x\ 2 + \y\ 2 - 2\x\\y\ + IxWxH^lyWynl' 1 (\x H - Vh\ 2 - \x H \ 2 - \vh\ 2 + 2\x H \\y H \) 
= (\x\ - \y\) 2 + IxWxHr^yWyiirWxH - Vh\ 2 - (\x H \ - \vh\) 2 )- 
Since \x H - y H \ 2 - (\x H \ - \vh\) 2 > 0, \x H \ < \x\, and \y H \ < \y\, we have 

(13) Hx,y) 2 > (\x\ - \y\) 2 + \x H - y H \ 2 - (\x H \ - \y H \) 2 . 
Assume that 2\x\ < \y\. Then, using (fTHj) . 

\x v ~ yv\ < \x\ + \y\ < \\y\ = 3(jy| - \ |y|) < 3(|y| - |z|) < Z$(x,y), 

and we obtain (JT2]) . By the same arguments, if 2\y\ < \x\, then \xy — yy\ < 3$(x,y) and 
(|12p holds. Thus, from now on we assume ^\x\ < \y\ < 2\x\. 

Let < 5 < 1 be a small number that will be fixed below. Assume that (1 — S)\xh ~Vh\ > 
\\yii\ ~ \xh\\- Then, by CED, 



$(x,y) 2 > \x H - y H \ 2 - (\x H \ - \vh\) 2 > \xh - Vh\ 2 - (1 - 5) 2 \x H - yn\ 2 
= 5(2 - S)\x H ~ Vh\ 2 > 5(2 - 5)s~ 2 \x v - y v \ 2 , 



and then (JT2|) holds with C = s/yj5(2 - 5). 

Therefore, we can suppose that (1 — 5)\xu — Vh\ < \ \hh\ — \xh\ \ = \uh\ — \xh\, since we 
are also assuming \xh\ < \vh\- If we set z = y — x, we have (1 — £)|#ff| < \xh + zh\ — \xh\, 
so (1 — + \ x h\ < \xh + %h\- Hence, 

(1 - 5) 2 \z H \ 2 + \x H \ 2 + 2(1 - $)\z H \\x H \ = ((1 - S)\z H \ + M) 2 

< \x H + z H \ 2 = \x H \ 2 + \zh\ 2 + 2{x h ,zh) 

and we obtain 

(14) {x H , z H ) > -\5(2 - 5)\z H \ 2 + (1 - 5)\z H \\x„\. 

Using (HU), that (xy,zy) > —\xy\\zy\, and that \xy\ < s\xh\ and \zy\ < s\zh\, we get 
(x, z) = (x H + Xy, Z H + Zy) = (x H , Z H ) + (xy, Zy) 

(15) > ~\ *(2 " b)\zn\ 2 + (1 - 5)\z H \\x H \ - \x v \\z v \ 

> - 1 - 5(2 - 5)\z H \ 2 + (1-5- s 2 )\z H \\x H \. 

Notice that, if 5 > is small enough depending on s, then — | (1 — s 2 )(l + s 2 ) -1 < — | 5(2 — 
5) < and 1 — 5 — s 2 >i(l — s 2 ). Let j(x, z) be the angle between x and z (by definition, 
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< j(x,z) < 7r). Using that (x,z) = \x\\z\ cos(-y(x, z)), that \x\ < y/l + s 2 \xh | and \z\ < 
\J\ + s 2 |^ij|, and that \z\ < \x\ + \y\ < 3\x\, we finally obtain from (|15p that 

003(7(2;,*)) > -- 5(2 - ^l^lVr 1 !^!" 1 + (1 - $ ~ s^zhWxhWxI'^zI- 1 

> ~ 5(2 - 5) + (1 - 5 - s 2 )(l + s 2 )- 1 >\(l~ s 2 )(l + s 2 )- 1 =: a. 

Notice that a > 0, because < s < 1 by hypothesis. Hence, since cos(7(— x,y — x)) = 
cos(7(— x,z)) = — cos(7(x, z)) (because z = y — x and (— x, z) = —(x,z)), we have cq := 
cos(7(— x,y — x)) < —a < (notice that Co < implies that \x\ < \y\). By the cosines 
theorem, \y\ 2 = \x\ 2 — \y — x\ 2 — 2|x||y — x\cq. Since Co < 0, we solve the second degree 
equation in \y — x\ and we obtain 

\y\ 2 - \x\ 2 (l - Cq) - \x\ 2 Cq 



y-x\ = \/\y\ 2 - \x\ 2 (l - cl) - \x\\c 



^\y\ 2 - \x\ 2 (l - d 2 ) + |x||c | 



_ (\y\-\x\){\y\ + \x\) (\y\-\x\)(\y\ + \x\) _ 3 

— /l — To i — ToT^ 9T i ii i — I II I — v » I \' ' 

V|y| 2 - \x\ 2 (l - c 2 ) + |x||c | MM a 

where we also used that \y\ < 2\x\ in the last inequality. Therefore, by f)13[) . 

3 3 
\xv - yv\ < \x - y\ < - (\y\ - \x\) < -$(x,y), 
a a 

and ()12p follows with C = 3/a, where a > only depends on s. This completes the proof of 
the lemma. □ 

Proof of Lemma 12.31 We keep the notation introduced in Lemma 12.41 Fix z £T. We can 

assume that z = 0, by taking a translation of T if it is necessary. 
For x G W 1 with x# 7^ 0, consider the map 



Ixl / l-^v 1^ 

T(x) := 1 r XH + X V = \ 1 + 1 pr XH + Xy. 

\XH\ V 

It is not difficult to show that T is a bilipschitz mapping from (a neighborhood of) the cone 

L := {x £ R d \ {0} : \x v \ < Lip(^)|xjy|} 
to (a neighborhood of) the cone 

U := {x e M. d \ {0} : \x v \ < Lip(^4)(l + Up(A) 2 )~ 1/2 \x H \}, 
whose inverse equals 

T _1 (x) = a 1 - i^j- X H + Xy. 
V \XH\ 

Moreover, when T and T _1 are restricted to L and L' respectively, Lip(T) and Lip(T _1 ) 
only depend on n, d, and Lip(^4). Hence, since rdU {0}, for any < a < b we have 

H$(A(0, a, b)) = U n (T n A(0, a, b)) « ^ n (T(r n A(0, a, b))). 

Consider the set T(r). Since T has slope smaller than 1 (i.e. Lip(^4) < 1), by Lemma 12.41 
there exists a constant C > depending only on n, d, and Lip(^4) such that for any two points 
x, y E T(r) one has \xy — yy \ < C\xh — yH\- Then, it is known that T(r) is contained in the 
n-dimensional graph V of some Lipschitz function (see for example the proof of [Mat Lemma 
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15.13]). Notice also that, given < a < b, T(L n A(0, a, b)) C {x G R d : a < \x H \ < b}. 
Therefore, 

H^(A(0,a,b)) «r(T(rnA(0,a,&))) < n n (T'n{x G R d : a < \x H \ < b}) < (b-a)b n -\ 

and the lemma is proved. □ 

Remark 2.5. With a little more of effort, one can show that T(r) is actually a Lipschitz 
graph. We omit the details. 

Remark 2.6. Lemma 12.31 is sharp in the sense that the estimate fails if Lip(^l) > 1 (notice 
that the constant C in Lemma [2.4l for s = Lip(„4) is bigger than (1+Lip(„4,) 2 )/(1 — Lip(„4) 2 )). 
Given e > 0, one can easily construct a Lipschitz graph V such that 1 < Lip(„4) < 1 + e and 
such that, for some z £T and r > 0, T contains a set P C dB(z, r) with T-L^(P) > 0. Then, if 
LemmaEHwere true for T, we would have < H%(P) < n^(A(z,r-5,r+S)) < 25(r+S) n - 1 , 
and we would have a contradiction by letting 5 — >■ 0. By a similar argument, one can also 
show that the lemma fails in the limiting case Lip(„4) = 1. 



3. V p o T IS A BOUNDED OPERATOR FROM M(R d ) TO L 1,00 (%p) 

This section is devoted to the proof of Theorem ll.4| which is based on a nontrivial mod- 
ification of the proof of [CJRW2, Theorem B] using the Calderon-Zygmund decomposition 
developed in Subsection 12.11 



Proof of Theorem 11.41 Set /i := %p nB , where B is some fixed ball in R d . Let v G M(R d ) 
be a finite complex Radon measure with compact support and A > 2 o!+1 ||^||/||^||. We will 
show that 

(16) p({x G R d : (V p o T)v{x) > A}) < ^ \\u\\, 

A 

where C > depends on n, d, K, p and T, but not on B C R d . Let us check that (fTB]) 
implies that V p oT is bounded from M(R d ) into L 1 ' 00 ^). Suppose that v is not compactly 
supported. Set z//v = Xb(o,n) v - Let No be such that supp^x C -6(0, iVo). Then it is not hard 
to show that, for x G supp/i, 



N - N 







thus (V p o T)vn(z) — > (V p o T)v{x) for all x G supp// uniformly, and since the estimate (fTB"|) 
holds by assumption for un, letting N — > oo, we deduce that it also holds for v. Now, by 
increasing the size of the ball B and monotone convergence, (|16p yields 

H?{{x G R d : (Vp o T)u{x) > A}) < ^ |H|, 

A 

as desired. Thus, we only have to verify {(T6j) for all compactly supported v. 

Let {Qj}j be the almost disjoint family of cubes of Lemma 12.21 an d set f2 := |J ■ Qj and 
Rj := 6Qj. Then we can write v = gp + Ub, with 

9t* = XRd\n" + bjP and v h = ^ H '■= X) ( W J U ~ ^) > 
where the functions 6j satisfy ([9]), (fl0]l . and (|11|). and Wj = \Qj ( Sfc XQ k ) 1 ■ 
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By the subadditivity of V p o T, we have 

fi({x G M d : (V p o7>(;r)>A}) 

< ^({x G R d : (V p o T^)g(x) > A/2}) + ^({x G R d : (V p o 7> b (x) > A/2}). 

Since V p o T^r is bounded in L 2 (%p) by Theorem II .2} it is easy to show that V p o T M is 
bounded in L 2 (fi), with a bound independent of -B. Notice that |g| < CA by (JSj) and (jlip . 
Then, using (TTUjl . 

: (V,or")fl(x)>A/2})<i | |( Vp oT^| 2 ^<^ f \g\ 2 d^ 
(18) Md/x<^(M(M d \n)+X;^ \bj\dfi 

3 3 

c „ ,, 



<\(\u\(M d \n) + J2W\(Qj)) <y 



Set := Uj2Qj- By ©, we have n(h) < EjK^Qj) < ^Ej H(Qj) ^ A -1 HI- We 
are going to show that 



(19) 



ti({x eR d \n : (V p o T)v b (x) > A/2}) < - \\v\\ 

A 



and then (fTSD is a direct consequence of (fT7|) . (US]), (USD and the estimate /u(O) < A 1 ||z^| 
For simplicity of notation, given < e < 5 and i G M d , we set xf(^) := X(e,<5] (1*1); so 

7> 6 (x) - T^x) = / x{{x - y)K(x - y) dv b (y) = {K%i * Vb){x). 



Given x G supp/i, let {e m } me z be a decreasing sequence of positive numbers (which depends 
on x, i.e. e m = e m (x)) such that 



(V p oTH(*) < 2( ^ **b)(x)\' 



1/p 



(20) 

If Rj n e m+ i, e m ) = then (Kxl™ +1 * v 3 b )(x) = 0, so by (|2"U|) and the triangle inequality, 

(V p oT)n(x)<2(j2 



j':itjCA(a;,e m +i,e m ) 



P\ VP 



j: RjndA{x,e m+1 ,e m )^ 

--: 2(lS(x) + BS(x)), 



p\ 1/p 



and then, 



(21) 



G R d \ Q : (V p o T)v b {x) > A/2}) 

< fi[{x eR d \tt : J5(s) > A/8}) +n({x eR d \n : 5S(x) > A/8}). 
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Let us estimate first //({x G M. d \ Q : IS(x) > A/8}). Since the £ p -norm is not bigger 
than the ^-norm for p > 1, 



(22) 



IS(x) < £ 



rati 



j: fljCA(i,e m 4-i,E m ) 

£E E 

mgZ j: fljCA(i,e m+ i,e m ) 



< 



E E 

j mgZ: A(a;,e m +i,e m )Di?j 
£ ^ d \Rj ( x ) 



xlz+i( x - y) K ( x - y) du l(y) 

Xl^ +1 (x-y)K(x-y) dv> b (y) 
K(x -y)di{(y) 



Notice that 



(23) 



/ ^Xr^rAx) I 
Jm. d \n J 



- I 



K(x - y)dv 3 b (y) 
K(x-y) dvl(y) 



dfj,(x) < 
d/j,(x) + 



K(x-y) dv 3 b {y) 
K(x -y)du J b (y) 



dfj,(x) 
d/i(x). 



On one hand, by (|10p and using the L 2 (/i) boundedness of the maximal operator (recall 
that \x = %rnB> w here T is a Lipschitz graph and B is a ball) and that fj,(2Rj) < Cfi(Rj) 
(because hRj n supp/U ^ 0), we get 



2Rj\Rj 



K(x - y)bj(y)dn{y) 



(24) 



dfi(x) < I T?bj dfi 

2Rj\Rj 



< 



< 

< 



f (T^fdp) M (M,-) 1/a 

J 2Rj J 
\ b j\\L2(n)V( 2R j) l/2 £ l|6ilU»(Ai)^(-Rj) 



On the other hand, since suppwj C Qj = ^Rj and \wj\ < 1, if x 6 2i?j \ i?j we have 
J — y)u)j(y)| d|i/|(y) < — Zj\~ n , where zj denotes the center of Rj. Hence, 

using again that n(2Rj) < Cn(Rj) < C£(Rj) n , 



I I 

J 2Rj \Ri J 



K(x - y)wj(y) dv{y) 



dfi(x) < 



(25) 



'2Rj\Rj 

<W\(Qj) 



\K(x - y)wj(y)\ d\u\(y) dfi(x) 
\x — Zj\~ n dfi(x) 



< 



2Rj\Rj 
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Since v£(Rj) = 0, suppz^ C Rj, and ||z^|| < W\(Qj) by (fTOjl . we have 



K(x - y)dv J b (y) 



d/i(x) < 



< 



d \2_Rj J_Rj F ~~ z j 



\K(x-y)-K(x-z j )\d\4\(y)dii(x) 
ly ~ Zjl d\4\(y)d^x) 



~ II 6 1 



.|n+l 
) I 



3 l X " h 



. \n+l 



^(*)<KII <H(Qj). 



Combining this last estimate with ([25]) . and the fact that fj? = — bj/i, from ([23 
we obtain that 



Finally, using (|22|) we conclude 



K(x-y) diA(y) 



d^{x)<\v\{Q 3 ). 



H{{x £R d \tt : IS(x) > A/8}) 



< 



R d \n 



IS(x) d[x(x) 



(26) 



K(x-y)dv{(y) 



dfj,(x) 



<?EHW^tIHI 



Let us estimate fJ>({x G R d \ SI : BS(x) > A/8}). Recall that e m = e m (x). We define 



(27) 



1 if i? j nM(x,e m+ i(x),e m (x)) ^0 



W := 

Then, by the triangle inequality, for x £ M. d \fi we have 



if not 

1 if R j ndA(x,2- k - 1 ,2- k ) 7^0 
if not 



, and 



BS{x) = ( ^ ^^(x)(K^ +1 * ^ 



p\ Vp 



< 



P\ VP 



(28) 



m£Z j 



p\ 1/p 



< 



P\ VP 



+ £ X-2Rj\2Qj (*)(£| * ^ ) (X) | >) 



1/p 



=: 55i(x) + £S 2 (x). 
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Notice that BS 2 (x) < Y^j X2R j \2Q j 0*0 (Vp o T)i^ h {x). Since p > 1, for x G 2i^- \ 2Q 3 , 

(v p o r)^'(x) < (v p o r)K^)(x) + (v p o T)(b^)(x) 
< (Vi o r)K-i/)0r) + (v p o r M )6 i (x) 

where Zj denotes the center of (and Rj). Then, similarly to (f2l|) and ([25]) but using now 
the L 2 (//) boundedness of V p o T"^ given by Theorem 11.2] we have 



G : £S 2 (£) > A/16}) 



< 



16 



BS2 dfj> 



(29) 



16 [' 16/* 

- T / E X2JJA2<fc ( V P ° ^ = "T E / ^ ° 

<iEH(*)/, 



x — 2. 



.j- 1 " n d/z(x) + j V / (V p o "T% d/i 

A „■ J2Rj\2Qi 



l2Rj\2Qj j J2Rj\2Q J 

< 1 E kl(Qi)^(Qi)- ft /i(2ie,-) + y E IK v p ^)Mlw( 2 ^) 1/2 



< lEM^i) + i£HM*-MMto) < yEH(Qi) < 



Therefore, to show that //({s G R d \ O : B5(x) > A/8}) < CA _1 ||z/||, by §ZE§ and d29j) it is 
enough to verify that 

H[{x G R d \ Q : BSi(x) > A/16}) < - \\v\\. 

A 

Without loss of generality, we can assume from the beginning that, for a given x G supp/z, 
either [e m+ i,e m ) C [2~ fe_1 , 2 -fc ) for some k G Z, or [e m+ i,e m ) = [2~\2~ k ) for some i > k 
(see [CJRW2] page 2130] for a similar argument). Thus, if we set If. := [2 _fe_1 , 2~ fc ), we can 
decompose Z = 5 U £, where 

£ : = { m G Z : e m = 2~ h , e m+ i = 2~ % for i > k}, 

S : = (J <S fe , 5 fc := {m G Z : e m ,e m+ i G 4}. 



Then, since p > 1, 

BSi(x) < 



E J^X^R-ix^ix^KxtZ+i * vl)( x ) 



p\ Vp 



+ ( E Y^XB!'\2R i (x)^ m (x)(K^ 1 * 4){X) 
mg5 j 

--:BS c (x) + BS s (x), 



p\ Vp 



and we have 



(30) 



H{{x £R d \ n : BSx{x) > A/16}) 

< fi({x GR d \n : BSc(x) > A/32}) +/i({x G M d \ : BS^x) > A/32}). 
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We are going to estimate first ^({x G R d \ tt : BS c (x) > A/32}). Given x G R d \ 
(recall the definitions of ip k (x) and 9 k {x) in ([27]) ). we have 

BSc(x) < E E X K ^(^)V4(^)I(^ +1 * 

j ra&C 

( 31 ) < EE^W-W^WK^r'-i *^)(z)l 

-E E X^\2 Rj (x)e{(x)\{K x 2 2 ZLi * i^l) (x)\, 

j ke1:2- k + 1 >l{R J ) 

where in the second and third inequalities above we used the following facts, respectively: 

• assume m G C, e m+ i = 2~ % and e m = 2 _,+s , with i £ Z and s G N. Given j such 
that Rj n <M(x,e m+ i,e m ) / 0, if Rj n A(a;, 2- fc -\ 2~ fe ) / for some k G Z, then 



flj-ns^x^-*- 1 ^-*) ^0. 

• For x G M d \ 222j, if 2- fc+1 < €(22,-) then we have suppx^LiO - H ft, = 0, so 

M:L*^')(x) = o. 



Therefore, from ([3TJ) and since K^-fc-i * ^K^l - 2( fc+1 ) n ||^||, 

32 r 

/x({x £« d \0 : BS c {x) > A/32}) < — / ^ B5 £ (x) c^(x) 

A jRd\£\ 

, 2) <yE E / ei(x)\(K X lZl^ul)(x)\d^x) 

<^E E * k+1)n K\\ hi{x)d^ x ). 



J /ceZ:2- fc + 1 >£(i? i ) 

Let us check that / 0{{x)d^{x) < £(i? j )2- fc ( n ~ 1 ). Fix k and j such that 2- fc+1 > i(Rj), 
and take u G jqRj H supp/i (this « exists because of ©). There exists a > depending only 
on <i such that supp#j?, C B(u,2~ k a); thus, if £(Rj) > 2~ fc 6 for some small constant 6 > 0, 
f0{dn< fi{B(u,2- k a)) < 2~ kn < b' 1 i(i2 7 -)2~ fe(n-1) . On the contrary, if £(Rj) < 2' k b and b 
is small enough, then 

supp^ C A{u, 2~ k - b'l(Rj), 2- k + b'£{Rj)) U A(u, 2~ k ~ l - b'£(Rj), 2~ k ~ l + b'£{Rj)) 

for some constant b' > depending on 6 and d such that 2~ fc ~ 1 — b'£(Rj) > 0. In that case, 
since u G supp/x, we have J O^dfi = /i(supp^) < £(Rj)2~ k ( n ~ 1 * ) (because [i(A(u,r, R)) < 
(R — r)R n ~ l for all < r < R by Lemma 12.31 since T has slope smaller than 1), as desired. 
Using that J0 3 k dfi< £(Rj)2- k ( n -^ and that < \v\{Qj) in ([32]), we conclude 

V({x eR d \ti: BSc(x) > A/32}) < ^E E 2 {k+1)n \Wl ; \\£{R,)2~ k ^ 

j k&:2- k + 1 >l{R J ) 

(33) =xEKll^i) E ^ 
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It only remains to show fj,({x G R d \n : BS s {x) > A/32}) < CA" 1 1 1 1 1 to finish the proof 
of the theorem. We set 

Recall that I r = [2 _r_1 , 2~ r ). Since the £ p -norm is not bigger than the ^ 2 -norm, 



2 

({x G R d \ n : BS s (x) > A/32}) <^ ^0*) d ^ 

;iE/L~E E ® j ^ x ) d ^ x ) 

~ me<S fc j :2- fc + 1 >^(_R i ) 

^eL r e| e e *m 

meS fe rGZ:r>fc-l j U(R 3 )eI r 



A 2 



dfj,(x), 



and then by Cauchy-Schwarz inequality, 
^({x GM d \ n : BS s (x) > A/32}) 

4E/.-E f E 2"-" /2 )( E 



< 

~ A 2 



r>fc-l 



r>fc-l 



< 

~ A 2 



ffEL.E E ^ 

me5 fe rGZ:r>fe-l 



fcez 



E *to 



E *ko«o 2 ) 

j:t(R;j)<Elr 
2 

d/i(x). 



dfj,(x) 



Thus, if we set Pm( x ) '■= Ylj-i(R)ei r ^m(x), we have seen that 



(34) 



{{xeR d \n: BS s (x)>\/32})<±Yl I ~ E E 2 (r " fe)/2 |^ W| 2 W 

fceZ jRd \ n meS k r&L: 
r>k-l 



Let us estimate Pm( x ) f° r ni £ and r > fc — 1. Since < M(Qj) < M(3Qj) ^ 
\/i(6Qj) by JTDJ) and ©, we have 



|J£0*)| < 



(35) 



E x^\2^(^)^4(^)l(^x^ +1 * 4)( x )\ 

< E XR*\2R^W m (x)2 kn \M\\< 



E 



2 kn \ f i(6Q j ). 



j:6£(Q 3 )£l r , 
6Q f na J 4(a:,e m+ i,e m )^0 



It is not difficult to see that, if Y^- \Q 3 < C f° r some C > 0, then J] ^ .^(6Q.)ej r X6Q 3 < 
C" for all r G Z, where C" > only depends on C (that is, the family of cubes J- : = 
{QQj}j :£(6Qj)G/ r bas finite overlap uniformly in r G Z). We set 



E 



X<oQy 



j-.eeiQ^eir, 

6QjndA(x, 

)¥* 

If 2~ fe a < 2~ r < 2 _fc+1 for some small constant a > (recall that we are assuming r > k — 1), 
then there exists a constant 6 > depending only on d and a such that suppT C B(x, b2~ k ), 
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and then, by the finite overlap of the family J 7 , 



V fi(6Qj) = ( Tdfi< C'n(B{x, b2~ k )) < 2- kn » 2 - r 2-^ n ' 1 \ 

JB(x.b2- k ) 



j:6«(Qj)e/ r , 
6Q J -n9A(a!,e m+ i ) e m )^0 



'S(x,fe2- fc ) 

On the contrary, if 2~ k a > 2~ r for a small enough (depending on d), then there exists a 
constant b > depending on d and a such that 2~ k ~ l > 2~ r 6 and suppT C A(x,e m — 
2~ r b, e m + 2~ r b) U A(x, e m +\ — 2~' r 6, e m+ i + 2~ r b), and then, since m £ Sk, x £ supp/x and 
the slope of T is smaller than 1, by Lemma HTBI we have /i(suppT) < fx(A(x, e m — 2~ r b, e m + 
2- r b)) + pi(A(x, e m+ i - 2~ r b, e m+ i + 2~ r b)) < 2- r 2~ k{ - n - l \ thus by the finite overlap of the 
family J 7 , 

V-Wi) = [ ^df,< MsuppT) < 2 -2- fe ("- 1 ). 



j:6£(Qj)eI r , 
6Q J n<9A(x,e m+ i,e m )^0 



In any case, from ([35]) we get \P^(x)\ < 2 kn \2~ r 2'^-^ = 2 k ~ r \. Therefore, using (|3 
we obtain that 

»{{x €R d \n: BS s (x) > A/32}) < i £ / ~ E E 2^— >/ 2 1 J-^ (^) | 

^ tE /, ~ E E 2(fc_r)/2 E * «^)(x)i w 

r ^ fc " 1 fi :7 n9A( :C ,e m+1 ,e m )^0 

^xE / ~ E E 2(fc_r)/2 E 2 te i^i(A(x, em+1 ,6 m ))^(x) 

r - fc_1 R ;/ nA(x,2- & - :l ,2-' ! )^0 

^tE/ ~ E 2( fc -V 2+te £ \i4\(A(x,2- k -\2- k ))dn(x). 



Hence, if we set 



r - fe_1 i? J nA(x,2- fc - 1 ,2- fc )^0 



i if i?j-n Afc^-*- 1 ^-*) 7^ 



T K x ) : - 1 o if not 



we obtain 

fi({a: 6K d \f! : 55 5 (s) > A/32}) 



xE/ d ~ E 2(fe ~ r)/2+fcn E iKii*)W 

fe6Z R \ n r£Z: j:t(Rj)eIr 
r>k—l 

^E E 2(fc ~ r)/2+fc " E K'n / 



k&L r&: j:£(Rj)eI r 
r>fc— 1 



Notice that, if £(Rj) 6 ir an d r > k — 1, then £(Rj) < 2~ k+1 . Hence, there exists a constant 
C > such that suppT^ C B(zj, C2~ k ) for all i(Rj) £ i"r an d all r > fc — 1 (recall that Zj is 
the center of Rj), and then J Rd \Q d/j < /j(B(zj, C2~ k )) < 2~ fcn . Therefore, by exchanging 



VARIATION FOR SINGULAR INTEGRALS ON LIPSCHITZ GRAPHS 17 
the order of summation and using that \\vl\\ < \v\{Qj), we finally obtain 

M ({xeR d \0: BS s {x) > A/32}) E E KH 

(36) =xEHWi) E E 2(fc - r)/2 

J r6Z:2-»- 1 <i(H J -)< 2_r fcGZ:£i<r+l 

<^EHWi)<flMI. 

The estimate (USD is a direct consequence of pi) . (|2Hjh P% ]l . (|2S)> . ([3TT ]l . (|35]> . and p)]) . □ 

4. VpoT^r IS A BOUNDED OPERATOR FROM ^(Wf) TO BMO{Wf) 

This section is devoted to the proof of the endpoint estimate (c) of Theorem 11.31 The use 
of Lemma 12.31 is also essential in this section. 

We may assume that V = {(y,A(y)) : y G K n }, where A : R n — > M. d ~ n is some Lipschitz 
function with Lipschitz constant Lip (^4). We say that a function / € £* oc C%r) belongs to 
BMO(T~Lp) if there exists a constant C > such that 



TV 

S>d— n 



where the supremum is taken over all the sets of the type D := D x M d_n , where D is 
a cube in M n . For convenience of notation, given a > we define aL> := aD x M rf_n 
and £(aD) := £(aD). Notice that, since T is an n-dimensional Lipschitz graph, we have 
H^(D) £(D) n for all cubes D C M n . Moreover (r, 'Hp) is a space of homogeneous type, 
and it is not hard to show that our definition of BMO{Hy) is equivalent to the classical one 
for doubling measures (see |Tolj for a definition of BMO on doubling measures). 

Proof of Theorem ll.3l fc). We have to prove that there exists a constant C > such that, 
for any / 6 L°°(Hp) and any cube D C K n , there exists some constant c depending on / 
and D such that 

(37) f \(V P o T H r)f - c\ dH$ < CWfUc^HftD x R d ~ n ). 

Let / and D be as above, and set D := D x IR^ - ™, /i := fxsv, and /2 '■= f — fx- First of 
all, by Holder's inequality, Theorem ll.2l and since T~L^(3D) ~ T-L^(D) because T is a Lipschitz 
graph, we have 

1/2 



(38) 



<y${D) 1/2 (\\h\\l~m)mm) 1/2 < ||/||l-c«?)«?P)- 



Notice that |(V P o r^X/i + f 2 ) - (V p o T^)/ 2 | < (V, o r w r)/ l5 because V p o is 
sublinear and positive. Then, for any c£l, 

i(v p o r"$)f - c \ = \(v p o T n ?)Vx + h) - c\ 

(39) < \(V p o 7^?)(/i + h) - (Vp o T n ?)h\ + l(V p o T^)/ 2 - C | 

<(V p oT n r)fx + \(V p oT n r)f 2 -c\, 
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hence, to prove (f37|) . by (f38j) and ([39]) we are reduced to prove that, for some constant c G R, 
(40) / |(V p o^)/ 2 -c|^<q|/|| ioo(w?) ^(L>). 

Set Z£> := (zd,A(z[))), where zd is the center of D C M n , and take c := (V poT^) f 2 (z D ) . 
We may assume that c < oo. By the triangle inequality, 

|(V P o r w r)/ 2 (x) - c\ p < sup £ \{K X tZ+i * - * {f2-H¥))M\ p . 

{em\0} meZ 

Given x G T n D, let {e m } me z be a decreasing sequence of positive numbers (which depends 
on x) such that 

lev, o r H r)f 2 (x) - <f ^ 2 E \(k x :: +1 * (/att?))o«o - (^ £ r +1 * 

mez 

Notice that |(*Tx£ +1 * (W))^) " * < ll/IU-(« ? )(©lm + 62 m ), 

where 



ei r 



&2 m : 



/ X^O* - V) \K(x -y)- K(z D - y)\ dHKv), 



Thus, 
(41) 



(3D)' 



{V P °T K ?)h{x) - c\<\\f\\ Lo , m) 



\x£ +1 (x -y)~ xlZ^D - y)\\K( ZD - y )\ dW(y). 



^(ei m + 62 m )M . 

m£Z ' 



Since p > 1, we easily have 



(42) 



(e^) ^e^^Lec, 



< W / l^-yl^^^l. 

J(3D) C 



The case of G2 m is more delicate. Since T is a Lipschitz graph, there exists an integer M > 
10 depending only on Lip(^4) such that any x G TDD satisfies |s-zd| < 2 M £(D). Without 
loss of generality, we can assume that there exists tuq G Z such that e mo = 2 M+2 £(D), just by 
adding the term 2 M+2 £(D) to the fixed sequence {e m } mg z. Obviously, we can also assume 
that e m > e m+ i for all m G Z. 

We set J := {m G Z : e m < 2 M+2 £{D)} = {m G Z : m > m } and, for j > M + 2, 

J] : = {m G Z : 2^ 1 £( J D) < e m+1 < e m < 2^(Z>) and e m - e m+1 > 2 A/ £( J D)}, 
jj := {m G Z : 2^ 1 £(D) < e m+1 < e m < 2^(D) and e m - e m+1 < 2 M £(D)}, 
''■ 1 - 7 : 2i~H{D) < e m+1 < 2H{D) < e m }. 



J 



{m G 
{m G 



Then Z = Jo U ( Uj>M+2(^j ^ ^ ^j)) ■ -^ or ^ ne case of m G Jo, we have the easy estimate 

E 02 -V /P ^ E / te +1 (^-y) + xer +1 (^-y))^) _n ^?(y) 



< 



+ 



\x-y\<2 M + 2 £(D) i{D) n J\z D -y\<2 M + 2 e(D) K D ) 



d U?(y) < L 
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Assume that m G Jj. Notice that supp(x^ (a; — •) — XeZ +1 i z D — •)) C A m (x, zd), where 
A m (x,ZD) denotes the symmetric difference between A(x,e m+ i,e m ) and A(zd, e m +i, e m ). 
Notice also that, since m G Jj and x G DflT, the set A rn (x, zd) is contained in the union 
of annuli Ai := A(x, e m+1 - 2 M £(D),e m+1 + 2 M £(D)) and A 2 := A(x, e m - 2 M £(D),e m + 
2 M 1(D)). Hence, using that m G Jj and Lemma 12.31 we have 

^?({y G M d : | X ^ +1 (x - y) - xZ + A z D ~ y)\ ± 0}) < U^A X U A 2 ) 

(43) < 2 M + 1 £(D) (e m + 2 M £(L>)) + 2 M+l £{D) (e m+1 + 2 A ^(D) N 



< 2 j ( n - 1 h(D) n . 

Using that |i^(z D - y)\ < (2H{D))- n for all y G A m (x, Z£>) n (3D) C , we get 

92 m < (2 j £(D))- n 2 j ( n - 1 h(D) n = 2~ j 

and, since p > 2 and J| contains at most 2 J '~ -1 indices, we have X^meJ^ < 2~ J . 
Assume now that m £ Jj. Then, using Lemma 12.31 we obtain 

HH{y G M d : - y) - X^ +1 (z D - y)\ + 0}) 

<^({yGR d : X% +1 (x-y) = l})+HZ({yeR d : Xe e ™ +1 - y) = 1}) 

^5 (Cm — e m+l)^ m i 

and, as above, \K(z D - y)\ < (2H{D))- n for all y G A m (x, z D ) n (3D) C . Since m G J|, 

92^ < (2H(D))-^((e m - wi)^ 1 )' 

< (2H(D))-^(e m - e m+l ){2 M l(D)Y-\2H(D)f 1 - 1 ^ < 2-^£(D)-\e m - e m+1 ) 
and then, since p > 2 and j > M + 2 > 12, 

92^ < 2~^ ^ £m ~ Wl < 2- J >2 J '- 1 « 2- J '^- 1 ) < 2~ J '. 
meJ? meJf 

Finally, assume that m G . 9bviously, the set Jj contains at most one term. If 
£m — e m +i < 2 M £(D), arguing as in the case m G Jj, we have 

n?({y g M d : ixe e r +1 (^ - y) - xe e r +1 (^ - v)\ + °» ;$ ( e - - wOC 1 

< 2 M £{D){2 j £(D) + 2 M £(D)) n - 1 < V^hiD) 11 , 

and then 92 m < 2^ n ~ l k{D) n (2^- l £(D))- n < 2~K On the contrary, if e m -e m+1 > 2 M £(D), 
arguing as in the case m G Jj, we have supp(x e e ™ +1 (x — •) — x!™ +1 i z D — ■)) C A m (x,ZD) C 
Ax U A 2 . Similarly to (USD, we have 

«P(Ai) < 2 M+1 ^( J D)(e m+1 + 2 M ^(D)r- 1 < e^(I>) < a*"- 1 ^)", 

and |i-T(z D - y)| < (2H(D)y n for all y G A x n (3L>) C . If we denote by j(e m ) the positive 
integer such that 2^ e ^- 1 £(D) < e m < 2^ €m k(D) (obviously, j{e m ) > j), we have H^{A 2 ) < 
e n ~ l l{D) < 2^ e ^ n - 1 k(D) n , and \K(z D -y)\ < (2^ l(D))~ n for all y G A 2 n(3D) c . Hence, 
92 m < 2^ n - 1 H{D) n (2H(D)y n + 2^ e ^ n - l H{D) n (2^ em H{D)Y n < 1~i + 2"^™) < 2^'. 
Therefore, since J? contains at most one term, J2me.j 3 ^ 2~- ?p < 2~ J . 
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We put all these estimates of 02 m for m belonging to Jo, Jj, Jj, and Jj together with 
21) in (SU) and we conclude that 



. Up 

\(V P o T H r)f 2 (x) -c\< ll/IUoc^) Y, ( 01 ™ + 02 ™) P 



ma 

E 01 ™ +H/IU-W) E 02 ^ 
+ E ( E 02 -+ E 02 ™+ E 02 -)) 1/P 

Up\ 



'■i ll/IU°°(wp) (l • 1 • ( E 2 ') ) ~ II-' 111 



Finally, (j4Qf) follows by integrating in D this last estimate. This yields the boundedness of 
V p o T^r from L°°(^p) to BMO(H%). □ 

5. V p o T^r is A BOUNDED OPERATOR IN LPiJVf) FOR ALL 1 < p < OO 

This section is devoted to complete the proof of Theorem 11.31 and Corollary 11.61 

Proof of Theorem ll.3f fc) . This is a straightforward application of Theorem 11.41 □ 

Proof of Theorem 11.31 (a) . Recall from Theorem 1 1 . 2 1 that V p oT^r is bounded in L 2 (%p). 
We deduce the LP boundedness of the positive sublinear operator V p o T w r by interpolation 
between the pairs (L 1 (Wf),L 1 '°°(Wf)) and (L 2 (fi^), L 2 (H%)) for 1 < p < 2, and between 
{L 2 {rl^),L 2 (W£)) and (L°°(H%), BMO(W£)) for 2 < p < oo. Let us remark that, in the 
latter case, the classical interpolation theorem (see |Dul Theorem 6.8], for instance) would 
require the operator V p o 7~^r to be linear. Clearly, this fails in our case. However, an easy 
modification of the arguments in [Du] using Lemma 15 . 1 1 below shows that that interpolation 
theorem is also valid for positive sublinear operators. Before stating the lemma, let us recall 
some definitions. Given / G L\JfVg), x G R d , and a cube Q G R n , set Q = Q x R d - n and 
define 

Mf(x) := supg 3a .mg|/|, and M$f(x) := swp Q3x m Q \f - mg/|. 

Lemma 5.1. Let F : Lj (ri^) — > Lj 0C (^Hp) be a positive and sublinear operator. Then 
(M« oF)(f+g)< (M o F)f + (M« o F)g for all functions f,g G L}JH^). 

By using Lemma O and the fact that ||M/|| LP(W?) < \\M^f\\ LP for / G LP a {Uf) and 
1 < Po 5; P < 00 ( see |Dul Lemma 6.9]), one can reprove the interpolation theorem [Put 
Theorem 6.8] applied to V p o 7~^r with minor modifications in the original proof. □ 

Proof of Lemma 15.11 If F is sublinear and positive, one has that \F{f){x) — F(g)(x)\ < 
F(f-g)(x) for all functions f,g G L\J{H%). Let Q be a cube in R n , and set Q = Q xR d ~ n c 
M d . Then, for x,y G QnT, 

|^(/ + 9){y) ~ m Q (Fg)\ < \F(f + g){y) - Fg(y)\ + \Fg(y) - m Q (Fg)\ 

< \Ff(y)\ + \Fg(y)-m Q (Fg)\. 
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Hence, m Q \F(f + g) - m Q {Fg)\ < m Q \Ff\ + m Q \Fg - m Q (Fg)\ < (M o F)f{x) + (M» o 
F)g(x) and, by taking the supremum over all possible cubes Q C W 1 such that Q B x, we 
conclude (Af" o + g){x) < (M o F)/(x) + (M" o F)g(x) (recall that (M« o < 
su PQ9z infaeR ™Q\Fh - a\ for all /i G i^^"))- □ 

Proof of Corollary 11.61 The arguments follow closely the proof of [Mai Theorem 20.27]. 
First of all, we may assume that E is a Lipschitz graph with slope smaller than 1, since 
1~L n almost all E can be covered with countably many C 1 manifolds which in turn can be 
covered by Lipschitz graphs with small slope. By the Lebesgue decomposition theorem and 
Radon-Nikodym theorem (see |Ma[ Theorem 2.17] for the real case, for example), there exists 
/ G L l {J-i^,) and a finite complex Radon measure v s such that H'^ and \u 8 \ are mutually 
singular and v = fH% + v s . 

Given K satisfying ([2]), by Theorem 11.3( 6) we have (V p o T^)/(x) < oo for TL n almost 
all x £ E. Therefore, for any decreasing sequence {e m } mg z> {Tt m f(x)} m ez is a Cauchy se- 
quence, so it is convergent. Thus lim e _^o^e E f(x) exists for H n almost all x G E. Therefore, 
we may assume that v = v s . The rest of the proof is almost the same of [Mat Theorem 20.27] 
(just replace T* by V p o T in the proof in |Maj and use Theorem ll.4p . The details are left 
for the reader. □ 
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